Twisted Geometries Coherent States for Loop Quantum Gravity by Calcinari, Andrea et al.
Twisted Geometries Coherent States
for Loop Quantum Gravity
Andrea Calcinaria,b, Laurent Freidelc, Etera Livined and Simone Spezialea
a Aix Marseille Univ., Univ. de Toulon, CNRS, CPT, Marseille, France
b DIFA, Alma Mater Studiorum, Universita` di Bologna, Italy
c Perimeter Institute for Theoretical Physics, 31 Caroline St. N, N2L 2Y5, Waterloo ON, Canada
d Universite´ de Lyon, ENS de Lyon, Universite´ Claude Bernard, CNRS, LP ENSL, 69007 Lyon, France
September 3, 2020
Abstract
We introduce a new family of coherent states for loop quantum gravity, inspired by the twisted geome-
try parametrization. We compute their peakedness properties and compare them with the heat-kernel
coherent states. They show similar features for the area and the holonomy operators, but improved
peakedness in the direction of the flux. At the gauge-invariant level, the new family is built from tensor
products of coherent intertwiners. To study the peakedness of the holonomy operator, we introduce a
new shift operator based on the harmonic oscillator representation associated with the twisted geom-
etry parametrization. The new shift operator captures the components of the holonomy relevant to
disentangle its action into a simple positive shift of the spins.
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1 Introduction
The quantum geometry described by loop quantum gravity (LQG) has non-commutative properties [1, 2, 3]:
these include the incompatibility of holonomies and fluxes as conjugate pairs, but also of different flux
components. As a result, discussing the semiclassical limit of loop quantum gravity requires the use of
coherent states to minimize the effects of such non-commutativity. After early constructions [4, 5], a complete
framework was provided by Thiemann’s heat-kernel (or complexifier) coherent states [3, 6, 7, 8]. These
states have a number of key properties, and have played a major role in loop quantum gravity. On a fixed
graph, the heat-kernel coherent states give well-peaked distributions for the holonomies and commuting
flux components [7]. They don’t give on the other hand well-peaked distributions for the direction of the
fluxes. They are built, after all, in the purpose of minimizing other non-commuting operators rather than the
different flux components. As a consequence, their gauge-invariant projection does not contain the coherent
intertwiners as introduced in [9], that use minimal direction uncertainty to provide each intertwiner with
the geometric interpretation of a polyhedron [10, 11, 12]. Only the subset of heat-kernel coherent states
with large area labels (namely large values of the norm of the fluxes) pick out precise flux directions and
reproduce the coherent intertwiners at the gauge-invariant level [13]. The lack of precise direction of the
heat-kernel coherent states is not a problem per se, just a fact resulting from choosing a certain coherent
state family with other peakedness properties. Furthermore, it can be argued that only the states with large
area labels are truly semiclassical anyways, and for those the directions are indeed well-peaked. Nonetheless,
a number of applications like spin foam dynamics, group field theory and quantum reduced models, indicate
the usefulness to have a clear flux direction also at finite area. Specifically, it is useful to have access to a
resolution of the identity in which every element gives a clear direction, without spoiling the peakedness in
the holonomy components. That it is possible to achieve peakedness in both holonomies and flux-directions
is not obvious a priori, and we show here that this is the case.
We introduce a new family of coherent states that has these two properties: First, it is well-peaked on
the flux directions for all values of the area label and, second, its gauge-invariant projection contains tensor
products of coherent intertwiners for all values of the area label. This result shows that coherent intertwiners
are a useful basis for the full Hilbert space of LQG, and not just for a single node. The new family is based
on the twisted geometry parametrization, and indeed most of the work reported here was done shortly after
[14]. The recent developments in effective dynamics for loop quantum gravity [15, 16, 17, 18, 19, 20] derived
from the heat-kernel coherent states motivated us to complete this study. We think in fact that having
an alternative family of coherent states available should be of help in assessing the model-independence of
such scenarios, and to provide alternative geometric description of the data based on twisted geometries.
This alternative geometric description is particularly useful at the gauge-invariant level, where it allows a
complete characterization of the reduced variables as a collection of polyhedra with a notion of intrinsic and
extrinsic curvature.
To make our paper more self-contained, we start in Section 2 with a brief presentation of the peakedness
properties of the heat-kernel coherent states, computing expectation values and relative uncertainties of the
fluxes and holonomies. These results are well-known to experts, but not always easily accessible in the
literature, which tends to refer to probability distributions only. The evaluations are somewhat cumbersome
for the holonomy operator. To improve the situation, we introduce a new shift operator, that disentangles
the holonomy action into a simple positive shift of the spins and magnetic numbers. This operator can be
constructed exploiting the harmonic oscillator representation of the holonomy-flux algebra, defined by the
spinorial and twistorial parametrization [21, 22, 23, 24]. It captures the component of the holonomy that
cannot be reconstructed having access to both left and right-invariant vector fields, and we believe it can
have useful applications beyond the present ones.
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In Section 3 we introduce the new family of twisted geometries coherent states, which we construct
by taking tensor products of SU(2) coherent states for both left and right-invariant vector fields, with a
spin weight similar to the heat-kernel coherent states. We compute the expectation values and relative
uncertainties, and compare them with the heat-kernel coherent states. The peakedness in the area and in
the shift operator are qualitatively the same, while a stronger peakedness in the flux direction is achieved.
The presence of SU(2) coherent states guarantees a clear identification of the directions, and an exact relation
to coherent intertwiners at the gauge-invariant level. It is not possible on the other hand to also obtain a
strict minimization of the uncertainty between the different flux components, because this property of the
SU(2) coherent states is spoiled by the sum over the spins needed in the full Hilbert space of LQG.
The price to pay for these new properties is that the states we write are not eigenstates of an annihilation
operator, at least not one that we were able to identify. As a consequence, it is not known if and which
Heisenberg relation they saturate. Hence, they are coherent states in a weaker sense: they provide a resolution
of the identity and have good peakedness properties on a point in phase space, but they are not eigenstates
of an annihilation operator. They could be referred to as generalized coherent states, following the notation
and classification of [25]. We also introduce a second family of twisted geometries coherent states, simpler-
looking but less symmetric, and discuss its pros and cons, as well as the general idea behind our construction.
Finally, we also compare the states with the spinorial coherent states defined in [11, 26, 27, 28, 29, 30] and
used in spin foam amplitudes in [31, 32, 33, 34, 35] and for entanglement calculations on spin networks [36].
The Appendix contains a complete formularium of conventions for twisted geometries, the harmonic
oscillator representation of the holonomy-flux algebra, and coherent intertwiners.
2 Background: Heat-kernel coherent states
We will be discussing coherent states for loop quantum gravity on a fixed, oriented graph. The building block
is the Hilbert space L2[SU(2)] of square-integrable functions on SU(2) with respect to the Haar measure. It is
associated to each oriented link of the graph, and it carries a representation of the holonomy-flux algebra. We
define the flux operators as right-invariant vector fields Rˆ acting on a group element g and associated with the
source node of the link. They are related by the adjoint transformation to the left-invariant vector fields Lˆ,
associated with the target node of the link. Two convenient basis are the holonomy basis |g〉 of eigenvectors
of the holonomy operator, and the momentum basis |j,m, n〉 which diagonalizes the z-components Rˆz and
Lˆz, and the common Casimir Lˆ
2 to both left and right-invariant operators. The overlap between the two
basis is given by the Wigner matrices, and we take conventions
〈g¯|j,m, n〉 = √djD(j)mn(g). (1)
A full list of conventions and useful results is summarized in Appendix A. Gauge-invariant states on the
graph are obtained by group averaging, and we write the resulting spin networks schematically as
〈g¯l|Γ, jl, in〉 = TrΓ ⊗l
√
djD
(j)(gl)⊗n in, 〈Γ, jl, in|Γ, j′l , i′n〉 = δjl,j′lδin,i′n , (2)
Here in is used both as the intertwiner tensor state and intertwiner label in a recoupling basis, an abuse of
notation common in the literature, and |Γ, jl, in〉 are normalized spin networks. An arbitrary gauge-invariant
state can be decomposed in the spin-network basis as
Ψ(gl) =
∑
jl,in
Ψjl,in〈g¯l|Γ, jl, in〉. (3)
2.1 Parametrizations of T ∗SU(2)
The semiclassical limit of L2[SU(2)] with its holonomy-flux algebra is the manifold T
∗SU(2) with its canon-
ical SU(2)-invariant symplectic structure. Therefore coherent states for L2[SU(2)] are labelled by points in
T ∗SU(2) ' SU(2)×su(2), namely pairs (g, L) of group and algebra elements, the latter identified by conven-
tion with the left-invariant vector fields acting on SU(2) as a manifold. The usual geometric interpretation
of these labels for coherent states is in terms of distributional geometric data, corresponding to the holon-
omy of the Ashtekar-Barbero connection along the link, and fluxes, namely integrals of the densitized triad
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vector, over chosen surfaces dual to the links [37]. There are two convenient alternative parametrizations
of this symplectic manifold. The first exploits the isomorphism T ∗SU(2) ' SL(2,C) given by the polar
decomposition
H := eiLg ∈ SL(2,C). (4)
The second exploits the adjoint relation between left and right-invariant vector fields R = −gLg−1 to trade
holonomies and fluxes for two unit vectors, one norm, and an angle:
(g, L) 7→ (A, ξ, ζL, ζR), A ≥ 0, ξ ∈ [−2pi, 2pi), ζL ∈ CP 1, ζR ∈ CP 1, (5a)
g = nLe
ξτ3n−1R , L = AnLτ3n
−1
L , R = −AnRτ3n−1R . (5b)
Here nL,R = n(ζL,R) : CP 1 7→ SU(2) is a section in the Hopf fibration, and τ3 = −iσ3/2. The twist angle ξ
should not be confused with the class angle of the more common polar parametrization of SU(2), as can be
immediately seen taking the trace of g. In particular, its range is twice as big, see Appendix A for details.
This parametrization has two useful properties. First, it identifies the twist angle as a choice of canonically
conjugated variable to the spin. Second, it simplifies the solution to the closure constraints defining the
gauge-invariant phase space on a graph. The result is a geometric interpretation of the gauge-invariant
variables in terms of twisted geometries. This is a piecewise flat geometric interpretation of the labels,
alternative to the distributional one, and based on a specific choice of dual surfaces.
The first parametrization is at the heart of the heat-kernel coherent states, which are obtained via
holomorphic quantization associated with the SL(2,C) complex structure. The second parametrization is
is at the heart o the new family of coherent states proposed in this paper. The relation between the two
parametrizations is given by
H = eiLg = nLe
ωτ3n−1R , (6)
where we introduced
ω := ξ + iA. (7)
2.2 Heat-kernel coherent states
The heat-kernel, or complexifer coherent states are given by [3] (see also [6, 7, 8])
ΨtH(g) = 〈g¯|H, t〉 =
∑
j
dje
− t2 j(j+1)χ(j)(Hg). (8)
Here H ∈ SL(2,C) is the classical label, and t ∈ R+ is a semi-classicality parameter.1 These states are not
normalized, and
||ΨtH ||2 =
∑
j
dje
−tj(j+1)χ(j)
(
H†H
)
=
∑
j
dje
−tj(j+1) sinh djA
sinhA
. (9)
This depends only on the boost rapidity, which geometrically has the interpretation of an area. We can also
write them conveniently as kets, using the angular momentum or electric basis
|H, t〉 =
∑
jmn
d
1
2
j e
− t2 j(j+1)D(j)nm(H)|j,m, n〉. (10)
These coherent states have a number of important properties that make them useful to LQG. Three
of their properties are relevant to the present paper. (i) They are eigenstates of a matrix of annihilation
operators, defined as Hˆ = eiLˆgˆ; and thus they minimize the uncertainty relation associated with the corre-
sponding three operators. (ii) They provide an over-complete basis, with resolution of the identity given by
an integral in phase space,
1 =
∫
T∗SU(2)
dµ(H)|H, t〉〈H, t|, (11)
1Thiemann’s original definition uses a g−1 argument, namely∑
j
dje
− t
2
j(j+1)χ(j)(Hg−1).
It is related to (8) by a redefinition of H, motivated by the different conventions used for the parametrization of T ∗SU(2).
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with ∫
T∗SU(2)
dµ(H) :=
e−
t
4
(pit)
3
2
∫
R3
d3L
sinh |L|
|L| e
− |L|2t
∫
SU(2)
dg. (12)
(iii) They also peak the holonomy and fluxes on the classical values H = geiL, with vanishing relative
uncertainties for t→ 0 and A t. This was shown in [7] through an extensive analysis of the distributions
|ΨtH(g)|2
||ψtH ||2 and
|ΨtH(j,m,n)|2
||ψtH ||2 , identifying their peaks and spreads.
From this building block we can define coherent states for the gauge-invariant Hilbert space H0 :=
L2[SU(2)
L/SU(2)N ] associated with a graph Γ with N nodes and L oriented links. This is obtained by
group averaging, and can be compactly written as
H0 3 |Γ, Hl, t〉 =
∑
jl,in
(∏
l
d
1
2
jl
e−
t
2 jl(jl+1)
)
TrΓ
[
⊗lD(jl)(Hl)⊗n in
]
|Γ, jl, in〉. (13)
Notice the entangled structure of the trace: this is a complexity that hinders certain explicit calculations
and which is simplified by our new family of coherent states.
2.3 Large area limit
Replacing H with the twisted geometry parametrization through (6), it is easy to show that
lim
A→∞
ΨtH(g) = e
1
2t (A− t2 )2
∑
j
dje
− t2 (
dj
2 −At )2−iξjD(j)jj (n
−1
R gnL). (14)
This follows from D(j)mn(eωτ3) = e−iωmδmn, and
− t
2
j(j + 1) + (A− iξl)j = 1
2t
(
A− t
2
)2
− t
2
(
dj
2
− A
t
)2
− iξj. (15)
Equivalently in the momentum basis,
lim
A→∞
|H, t〉 = e 12t (A− t2 )2
∑
j
d
1
2
j e
− t2 (
dj
2 −At )2−iξjD(j)nj (nL)D
(j)
jm(n
−1
R )|j,m, n〉. (16)
The large area limit projects the magnetic indices on their highest weights, and the heat-kernel states
factorize in tensor products of SU(2) coherent states. Furthermore, the conjugate pair (A, ξ) is peaked
with a simple Gaussian structure, which reproduces the ansatz used in the spin foam graviton propagator
calculations [38, 39].2 This limiting behaviour was pointed out in [13] and used to make a first contact
between the heat-kernel coherent states and the coherent intertwiners. In fact, it follows from (14) that at
the gauge-invariant level,
lim
A→∞
|Γ, Hl, t〉 =
∑
jl,in
∏
l
d
1
2
jl
e−
t
2 jl(jl+1)+(Al−iξl)jl
∏
n
cin(nl)|Γ, jl, in〉 (17)
where ci(nl) are the coefficients of the coherent intertwiners [9], depending on the relevant coherent state
labels nL or nR associated with the links l touching the node n, see Appendix B for conventions. Since
coherent intertwiners appear only in the large A limit, the resolution of the identity of the heat-kernel
coherent states includes gauge-invariant states which do not have the nice geometric interpretation of fuzzy
polyhedra. The lack of minimal spread in the direction for finite A will be shown more explicitly below.
To construct states always peaked on the direction like the SU(2) coherent states, one may first try with
a simple Gaussian like in the right-hand side of (14) as the definition of a new family of coherent states,
namely
ΨtG(g)
?
:=
∑
j
dje
− t2 (j−A)2−iξjDjj(n−1R gnL), (18)
2In that context, the parameter t can be restricted with dynamical considerations, see e.g. [40, 41, 42].
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to be valid for any A. This however would not work, as it is not possible to find a resolution of the identity
with these states. The difficulty comes from the fact that the phase space is spanned by A ∈ R+, and there
is no temperate distribution µt(A) that would satisfy∫ +∞
0
dAµt[A] e
−djA ?= e
1
4 td
2
j . (19)
This can be understood observing that the LHS is a Laplace transform, whose inverse is given by the Mellin
transform with integration over vertical lines in the complex plane, and it is well-known that a positive
Gaussian weight e
1
4 td
2
j , which grows to infinity as j → +∞, does not admit any inverse Laplace transform
(see e.g. [43], p.164). At an intuitive level, one sees that the left hand side integral decreases in dj assuming
that the integration measure µt[A] is positive, while the right hand side positive Gaussian increases and
diverges in dj as soon as t > 0. This can be made mathematically precise for an absolutely convergent
Laplace transform.
A possible solution is to introduce a stronger damping factor,
ΨtG(g) :=
∑
j
dj
e−
t
2 (j−A)2−iξj√
1 + Erf(j
√
t)
Djj(n
−1
R gnL). (20)
This option would provide a resolution of the identity, with measure
1 = 2
√
t
pi
∫
R+
dA
∫ 2pi
−2pi
dξ
4pi
∫
CP 1
dµ(ζL)
∫
CP 1
dµ(ζR). (21)
The main result of our paper is to show that there exists a more natural choice, with better peakedness
properties than those entailed by the ad hoc Erf function in (20).
2.4 Expectation values and peakedness
In this Section we discuss in more details the expectation values of the heat-kernel coherent states, briefly
summarized by property (iii) above. It will be useful for comparison to our states below. We look separately
at the expectation values and relative uncertainties of the spin, of the fluxes, and of the holonomy.
Spin
For the spin distribution, [7] gives the estimate
|ΨtH(j,m, n)|2
||ψtH ||2
. t
3
2√
pi
j + 1/2
1−Kt exp
(
−t
(dj
2
− A
t
)2)
, (22)
declared valid for all magnetic labels, and large spins. Here Kt is an undetermined positive constant decaying
exponentially to zero as t→ 0. We see a peak at j = A/t− 1/2, with spread 1/t. Since the location of the
peak grows with 1/t as well, the relative uncertainty scales as
√
t and vanishes for t→ 0. This estimate can
be compared with the exact expectation value
〈ˆ〉 := 〈H, t|j|H, t〉||ψtH ||2
=
∑
j jdje
−tj(j+1)sinh djA∑
j dje
−tj(j+1)sinh djA
, (23)
which is plotted in Fig. 1. It confirms the value of the peak for large A, but with departures at small A. We
conclude that the estimate (22) should be used only for large A, consistently with large spins.
An analytic expression of (23) can be obtained if we approximate the sums with an integral in R+.
This approximation can be justified for small t, using Poisson’s resummation formula. The integral can be
performed exactly in terms of Erf functions, and an expansion for large A gives
〈ˆ〉 ' A
t
− 1
2
+
1
2A
. (24)
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The leading order of this approximation is consistent with (22), and we have obtained a next-to-leading
order (NLO) correction. Using the same approximations for the variance, we obtain
〈ˆ2〉
〈ˆ〉2 − 1 '
t
2A2
. (25)
The relative uncertainty vanishes for A→∞. Numerical tests show that the NLO formula is very accurate
for A t, and provide a profile for the relative uncertainty at finite A, see Fig. 1.
There are two useful remarks to make at this point. First, only the coherent states with A  t have
good semiclassical properties, namely the distributions are peaked on the classical phase space point, with
vanishing relative uncertainties. As explained in [7], this fact is due to the non-linear structure of the group
manifold. Second, the expectation value of the spin in this limit is A rescaled by 1/t. For this reason the
label of the semiclassical states is often renamed p := A/t.
Figure 1: Numerical studies of the spin peakedness with heat-kernel coherent states. Top, left panel: Numerical
evaluations of (23) for different values of t, with the NLO approximation. Top, right panel: Further studies of the
expectation value, comparing the integral and NLO approximations. Bottom panel: The exact relative uncertainty,
vanishing for A t.
Fluxes
Including the magnetic numbers, [7] gives the estimate
|ΨtH(j,m, n)|2
||ψtH ||2
. 1
A
t
3
2
4
√
pi
1
1−Kt exp
(
−t
(dj
2
− A
t
)2
− j
2
(m/j −Rz/A)2
1− (Rz/A)2 −
j
2
(n/j − Lz/A)2
1− (Lz/A)2
)
, (26)
declared this time to be valid only for large A. This is the expression given for Lz/A < 1 and Rz/A < 1, and
there is a similar one otherwise. As a distribution, it implies that the z-components of both left-invariant
and right-invariant fluxes are well peaked, at least for t → 0 and A → ∞, as indeed confirmed by the
numerics. There is however not much information about the direction, and indeed the x and y components
of the fluxes are completely spread. This can be seen computing expectation values. For the left-invariant
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flux for instance, we have
〈H, t|~ˆL|H, t〉 =
∑
j
dje
−tCj
∑
m
e2Am〈j,m|n†L~LnL|j,m〉, (27)
〈H, t|Lˆ2i |H, t〉 =
∑
j
dje
−tCj
∑
m
e2Am〈j,m|n†LL2inL|j,m〉. (28)
The lack of sharp direction properties is made manifest by the presence of matrix elements of ~L with kets
with non-minimal spread, namely those with m 6= ±j.
The situation improves in the large A limit, when the magnetic sum above is dominated by the highest
term. We can then use the well-known properties of SU(2) coherent states
D±j±j(n†~Ln) = ±j~n, D±j±j(n†L2in) = j2n2i +
j
2
(1− n2i ), (29)
with ~n is the unit vector pointing in the direction ζ on the sphere. The normalized expectation value gives
〈~ˆL〉 := 〈H, t|
~ˆL|H, t〉
||ΨtH ||2
A→∞−→
∑
j jdje
−tCje2jA∑
j dje
−tCje2jA
~nL '
(A
t
− 1
2
+
1
2A
)
~nL, (30)
using the integral approximation valid at small t. Proceeding similarly for the variance, we find
∆2Lˆi =
〈L̂2i 〉
〈Lˆi〉2
− 1 ' 1− n
2
i
n2i
t
2A
, (31)
vanishing in the large area limit. This behaviour is consistent with (26), and further shows that the mean of
each component of the flux is well-peaked on the classical label at large area, and not just the z component.
It can also be understood simply as a direct consequence of the projection of the heat-kernel states on SU(2)
coherent states discussed earlier in (14).
Holonomy
The peakedness of the holonomy operator for t → 0 can be seen from the definition (8): in this limit the
state approaches a delta distribution. A more detailed analysis [7], showing in particular that the presence
of a boost in H does not spoil the behaviour of the approximate delta function, gives again a Gaussian
distribution, with spread
√
t. We refrain from reporting here these results, and rather point out that a
simpler and more explicit estimate of the peakedness properties on holonomy components can be obtained
looking at the shift operator suggested by twisted geometries, namely the exponential of the twist angle ξ.
This operator can be defined with the following choice of ordering,
êiξ := (n0R)
−1(a0†R )
2(n0L)
−1(a0L)
2, êiξ|j,m, n〉 = (j +m+ 1)
1/2
(j +m+ 2)1/2
(j + n+ 1)1/2
(j + n+ 2)1/2
|j + 1,m+ 1, n+ 1〉. (32)
See Appendix A.3 for more details. From this action we find
〈H, t|êiξ|H, t〉 =
∑
j
dje
−t(j+1)2
(
2j + 3
2j + 1
) 1
2 ∑
m,n
(
j +m+ 1
j +m+ 2
j + n+ 1
j + n+ 2
) 1
2
(33)
×
j∑
r=−j
e−iωrD(j)nr (nL)D
(j)
rm(n
†
R)
j+1∑
p=−j−1
eiω¯pD
(j+1)
n+1,p(n¯L)D
(j+1)
m+1,p(nR).
The functions
Ξjnm(ω, n1, n2) :=
j∑
r=−j
e−iωrD(j)nr (n1)D
(j)
rm(n2) (34)
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are known explicitly from the Wigner matrices. These and their counterparts for ê2iξ can be used to study
the expectation value and peakedness.
To gain more insight, we consider the simplest example nL = 1 = nR, namely H = e
ωτ3 . In this case,
Ξjnm(ω,1,1) = e
−iωmδmn and
〈eωτ3 , t|êiξ|eωτ3 , t〉 = eiξ
∑
j
dje
−t(j+1)2
(
2j + 3
2j + 1
) 1
2
eA(1−2j)
2j∑
k=0
k + 1
k + 2
e2Ak. (35)
The classical value eiξ now clearly factorizes in the average. A similar calculation for the square gives
〈eωτ3 , t|ê2iξ|eωτ3 , t〉 = e2iξ
∑
j
(2j + 1)
1
2 (2j + 5)
1
2 e−t(j
2+3j+3)eA(2−2j)
2j∑
k=0
(k + 1)(k + 3)
(k + 2)(k + 4)
e2Ak. (36)
Taking only the dominating term in the large A limit, we find
〈êiξ〉 := 〈e
ωτ3 , t|êiξ|eωτ3 , t〉
||ψtH ||2
∼ eiξe− t4 +O(A−1), 〈ê2iξ〉 := 〈e
ωτ3 , t|ê2iξ|eωτ3 , t〉
||ψtH ||2
' e2iξe−t+O(A−1). (37)
These estimates are well supported by numerical studies, reported in Fig. 2. The dependence on ξ is
consistent with the semiclassical behaviour expected from the coherent states, but we notice a mismatch by
an exponential of t, inducing an imaginary shift of ξ. This situation is familiar from the particle in a circle
[44], for which 〈êinξ〉 = exp(−t/4n2) exp inξ. As a consequence, the relative uncertainty decreases for large
A, but never really vanishes, reaching a non-zero minimal value for any non-zero value of t,
∆2êiξ :=
〈ê2iξ〉
〈êiξ〉2
− 1 = e− t2 − 1 ' − t
2
. (38)
Figure 2: Numerical studies of the twist angle expectation value with heat-kernel coherent states. The normalized
expectation value (37) tends to eiξe−t/4 for A t (left panel), and the relative uncertainty to −t/2. (right panel).
Another case where it is possible to obtain compact expressions is for A → ∞. This limit projects the
magnetic indices on their highest values, giving
lim
A→∞
〈H, t|êiξ|H, t〉 = eiξ
∑
j
d
1
2
j (2j + 3)
1
2 e−t(j+1)
2
edjA
∑
m,n
(
j +m+ 1
j +m+ 2
j + n+ 1
j + n+ 2
) 1
2
(39)
×D(j)nj (nL)D(j)jm(n†R)D(j+1)n+1,j+1(n¯L)D(j+1)m+1,j+1(nR),
with the desired semiclassical value clearly factorized. The Wigner matrices can be evaluated using (A.6)
and (A.29) in Appendix A, and we find
∑
m
(
j +m+ 1
j +m+ 2
) 1
2
D
(j)
jm(n
†
R)D
(j+1)
m+1,j+1(nR) =
Dj(|ζR|2)√
(2j + 1)(2j + 2)
, (40)
Dj(|ζR|2) := (1 + 2j − |ζR|
2)(1 + |ζR|2)dj + |ζR|4(j+1)
(1 + |ζR|2)2j+1 . (41)
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Therefore,
lim
A→∞
〈H, t|êiξ|H, t〉 = eiξ
∑
j
(2j + 3)
1
2 (2j + 2)−
1
2 (2j + 1)−
1
2 e−t(j+1)
2
edjADj(ζL)Dj(ζR), (42)
with the desired factor eiξ. As a consistency check, taking ζL = 0 = ζR in the above expression we recover
the A→∞ limit of (35).
Summarizing, we have seen how the detailed peakedness properties of the heat-kernel coherent states
can be exposed computing expectation values of spin, fluxes, and the spin-shift operator capturing the
component of the holonomy which cannot be reconstructed from knowledge of both left and right-invariant
fluxes. Simple expectation values given directly by the classical labels occur only in the A→∞ limit. Also
in this limit, the relative uncertainties the norm and directions of the fluxes vanish. The relative uncertainty
of the spin-shift operator does not stricly vanish for any finite value of t, but this is a feature of compact
variables, and the uncertainty is correctly minimized. On the other hand, the direction of the fluxes is fuzzy
at finite A, and cannot be identified with the classical label, and same situation for the spin-shift. The
heat-kernel states are chosen to minimize the uncertainty between the creation and annihilation operators of
the SL(2,C) complex structure, and cannot thus simultaneously minimize the directions. Experience with
spin foams and quantum reduced LQG suggests on the other hand the usefulness of working with a family
of states all having a clear direction. This can be achieved working with SU(2) coherent states, and at
the gauge-invariant level, with the coherent intertwiners of [9]. In the next Section, we propose a family of
coherent states with these properties.
3 The new family of coherent states
The new family of coherent states we propose is
ΨtΩ(g) = 〈g¯|Ω, t〉 :=
∑
j
d
3
2
j e
− t2 j(j+1)
(
e−
i
2djωD
(j)
jj (n
−1
R gnL) + e
i
2djωD
(j)
−j,−j(n
−1
R gnL)
)
. (43)
Or in the momentum basis,
|Ω, t〉 =
∑
jmn
dje
− t2 j(j+1)
(
e−
i
2djωD
(j)
jm(n
−1
R )D
(j)
nj (nL) + e
i
2djωD
(j)
−jm(n
−1
R )D
(j)
n,−j(nL)
)
|j,m, n〉. (44)
We label these states with Ω := (ω, ζL, ζR) for short, to distinguish them from the heat-kernel states, and
we will refer to them as twisted geometry coherent states. The main difference between the heat-kernel
(HKCS) and the twisted geometries (TGCS) coherent states (43) is that the trace in (8) has been replaced
by the highest and lowest weights alone. That this is possible while still providing an over-complete basis in
L2[SU(2)] is the main new message of this paper, and will be proved below.
To compare these states with the large area limit (14) of the heat-kernel states, we rewrite them as
ΨtΩ(g) = e
1
2t (A− t2 )2e−
i
2ω
∑
j
d
3
2
j e
− t2 (
dj
2 −At )2−iξjD(j)jj (n
−1
R gnL) (45)
+ e
1
2t (A+
t
2 )
2
e−
t
8+
i
2ω
∑
j
d
3
2
j e
− t2 (
dj
2 +
A
t )
2+iξjD
(j)
−j,−j(n
−1
R gnL).
The second line above is exponentially suppressed for A→∞, and we recover (14) up to the prefactor e− i2ω,
and an extra half power of dj .
The norm of the states can be computed to be
||ΨtΩ||2 = 2
∑
j
d2je
−tj(j+1) cosh(djA) = e
t
4 (1− 4∂t)
(
ϑ2(iA, e
−t) + ϑ3(iA, e−t)− 1
)
, (46)
where ϑi(u, q) are Jacobi’s theta functions (we use the conventions of Wolfram’s Mathematica). The dif-
ferential operator acting on the theta functions is a consequence of the d2j factor in the sum. This factor
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cannot be removed from the definition of the coherent states, because our resolution of the identity would
fail otherwise. The second theta function is needed to take into account the half-integer representations. If
one were interested in L2[SO(3)] instead of L2[SU(2)], the sum in (43) would be over the natural numbers
alone, and only ϑ2 would appear in the norm.
The reason for the presence of both highest and lowest weights in (43) is the Z2 symmetry of the twisted
geometry parametrization of T ∗SU(2) [14], and the existence of two families of SU(2) coherent states. The
reader may wonder whether it is possible to take only one term with highest or lowest weights. The answer is
yes, but the resulting states have less compelling properties, like a ξ-dependent norm. This will be discussed
below in Section 3.3.
3.1 Resolution of the identity
The necessary, and weakest condition that one can require of coherent states, is that they provide a resolution
of the identity as an integral over the classical phase space [25]. With our new family of coherent states, the
resolution of the identity is given by the following measure,
1 = e−
t
4
∫
CP 1
dµ(ζL)
∫
CP 1
dµ(ζR)
∫ 2pi
−2pi
dξ
4pi
∫ ∞
0
dA√
pit
e−
A2
t |Ω, t〉〈Ω, t|, (47)
where dµ(ζ) is the normalized measure on the sphere. To prove it, it is sufficient to evaluate
〈k, p, q|j,m, n〉 = e− t4 djdke− t2Cj− t2Ck
∫
CP 1
dµ(ζL)
∫
CP 1
dµ(ζR)
∫ 2pi
−2pi
dξ
4pi
∫ ∞
0
dA√
pit
e−
A2
t (48)
×
(
e
1
2 (iξ+A)dkD
(k)
qk (nL)D
(k)
kp (n
−1
R ) + e
− 12 (iξ+A)dkD(k)q,−k(nL)D
(k)
−kp(n
−1
R )
)
×
(
e−
1
2 (iξ−A)djD(j)nj (nL)D
(j)
jm(n
−1
R ) + e
1
2 (iξ−A)djD(j)n,−j(nL)D
(j)
−jm(n
−1
R )
)
,
and verify that it results in a product of Kronecker deltas. To proceed, it is simpler to first integrate over ξ.
There are four possible terms, and the relevant integrals give∫ 2pi
−2pi
dξ
4pi
e−iξ(j+
1
2 )e±iξ(k+
1
2 ) =
{
δ2j,2k
δ2j+2,−2k
(49)
Notice that when SU(2) is parametrized like in (5), the period of ξ is 4pi, and this allows one to include the
half-integer representations in the delta above. We will from now on use the simpler notation δjk to include
the half-integers as well, as customary in SU(2) theory. Since the spins are only positive, the ξ integral
eliminates the mixed terms between the second and third line of (48). The sphere integrals then result in
Kronecker deltas on the magnetic indices, thanks to the resolution of the identity satisfied by the SU(2)
coherent states: ∫
D
(j)
m,−j(n)D
(k)
p,−k(n) =
1
dj
δjkδmp, (50)
and similarly the second sphere integral, producing δnq. The final integration gives
〈j,m, n|k, p, q〉 = δjkδmpδnqe− t4 e−tCj
∫ ∞
0
dA√
pit
e−
A2
t
(
e
1
2Adj + e−
1
2Adj
)
= δjkδmpδnq. (51)
This proves that (43) is an overcomplete basis in L2[SU(2)]. It is not orthogonal, and the overlap between
two states can be given a compact explicit form thanks to the properties of the Wigner matrices,
〈Ω′, t|Ω, t〉 = e− t4
∑
j
d2je
−tCj 1
(1 + |ζ ′L|2)j(1 + |ζ ′R|2)j(1 + |ζL|2)j(1 + |ζR|2)j
(52)
×
[
e
i
2dj(ω¯
′−ω)(1 + ζ ′Lζ¯L)
2j(1 + ζ¯ ′RζR)
2j + e−
i
2dj(ω¯
′−ω)(1 + ζ¯ ′LζL)
2j(1 + ζ ′Rζ¯R)
2j
+ e
i
2dj(ω¯
′+ω)(−ζ ′L + ζL)2j(−ζ¯ ′R + ζ¯R)2j + e−
i
2dj(ω¯
′+ω)(−ζ¯ ′L + ζ¯L)2j(−ζ ′R + ζR)2j
]
.
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3.2 Expectation values and peakedness properties
Spin
The spin expectation value is
〈ˆ〉 := 〈Ω, t|ˆ|Ω, t〉||ΨtΩ||2
=
∑
j jd
2
je
−tj(j+1) cosh(djA)∑
j d
2
je
−tj(j+1) cosh(djA)
'
(
A
t
− 1
2
+
1
A
)
, (53)
with the NLO approximation valid as before for small t and large A. Comparing with (24), we see that the
large A behaviour is the same at leading order, with a different NLO correction. For the relative uncertainty
we find the same leading order (25) of the heat-kernel states, vanishing in the large area limit. The same
qualitative picture emerges: the states with the best semiclassical behaviour in the spin are those with large
A. Numerical investigations show that the spread of the TGCS is slightly better than that of the HKCS at
finite A, see Fig. 3.
Figure 3: Left panel: Comparison of the spin peakedness for the HK and TG coherent states. The large area behaviour
is the same, but the TG coherent states have slightly better spread at finite A. Right panel: Relative uncertainty of a
flux component i, with nLi = .3. The divergence in zero is due to the vanishing of the expectation value.
Fluxes
To compute the expectation value of the fluxes, we take advantage of the property (29) of SU(2) coherent
states. A simple calculation shows that
〈Ω, t|~ˆL|Ω, t〉 = f(A, t)~nL, f(A, t) := 2
∑
j
jd2je
−tj(j+1) sinh(djA), (54)
〈Ω, t|L̂2i |Ω, t〉 = 2
∑
j
(
j2n2Li +
j
2
(1− n2Li)
)
d2je
−tj(j+1) cosh(djA). (55)
The first expression shows that the TGCS have average direction given exactly by the classical label for any
value of A. This is the main difference with the HKCS. Compare also the simplicity of the above expressions
with respect to (27) and and (28). The norm of the flux expectation value is however not simply A, but
reproduces it only for large areas:
〈~ˆL〉 := 〈Ω, t|
~ˆL|Ω, t〉
||ΨtΩ||2
=
∑
j jd
2
je
−tj(j+1) sinh(djA)∑
j d
2
je
−tj(j+1) cosh(djA)
~nL '
(
A
t
− 1
2
+
1
A
)
~nL. (56)
The non-linear dependence on A is the same situation that occurs for the HKCS expectation values, and
also for spin expectation value (53). As a significative difference, we notice that the spin expectation value
is even in A and non-zero also for A = 0, whereas the flux (54) is odd in A and vanishing for A = 0.
The leading order in the large area limit of (56) coincides with (24) obtained with the HKCS, as expected.
And indeed, also the leading order of the relative uncertainty gives the same value (25). The difference
between the two families is to be found at finite A, where the TGCS still identify a clear direction of the
fluxes thanks to (54), unlike the HKCS. The spread around the flux direction direction depends on A, and
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the relative uncertainty only vanishes in the large A limit, see Fig. 3. This is inevitable, after all also the
SU(2) coherent states have vanishing relative uncertainty only in the large spin limit. The SU(2) coherent
states further minimize the flux uncertainty ∆2Lx∆
2Ly ≥ 〈Lz〉. This nice property cannot unfortunately be
expected for the full TGCS, because it is spoiled by the spin sums.
We focused here on the left-invariant fluxes, but the story is the same for the right-invariant fluxes,
〈Ω, t| ~ˆR|Ω, t〉 '
(
A
t
− 1
2
+
1
A
)
~nR, (57)
and so on.
Holonomy peakedness
As explained earlier, the twisted geometry picture suggests to shift attention from the holonomy-flux opera-
tors to the right and left-invariant fluxes plus the twist angle operator, and this is what we consider to study
the holonomy peakedness. Using (32), we find
〈Ω, t|êiξ|Ω, t〉 = e− t4
∑
j
dj(2j + 3)e
−t(j+1)2∑
m,n
(
j +m+ 1
j +m+ 2
j + n+ 1
j + n+ 2
) 1
2
(58)
×
(
e
1
2 (iξ+A)dj+1D
(j+1)
n+1,j+1(n¯L)D
(j+1)
m+1,j+1(nR) + e
− 12 (iξ+A)dj+1D(j+1)n+1,−j−1(n¯L)D
(j+1)
m+1,−j−1(nR)
)
×
(
e−
1
2 (iξ−A)djD(j)nj (nL)D
(j)
jm(n
−1
R ) + e
1
2 (iξ−A)djD(j)n,−j(nL)D
(j)
−jm(n
−1
R )
)
= eiξe−
t
4
∑
j
(2j + 3)
(2j + 2)
e−t(j+1)
2
[
e2(j+1)ADj(|ζL|2)Dj(|ζR|2) + e2iξ+A (ζL)
2j
(1 + |ζL|2)2j+1
(ζR)
2j
(1 + |ζR|2)2j+1
]
+ e−iξe−
t
4
∑
j
(2j + 3)
(2j + 2)
e−t(j+1)
2
[
e−2(j+1)AD′j(|ζL|2)D′j(|ζR|2) +
e−2iξ−A(ζ¯L)2j(ζ¯R)2j
(1 + |ζL|2)2j+1(1 + |ζR|2)2j+1
]
,
where we used the definition (41) and
D′j(|ζR|2) :=
(−1 + dj |ζL|2)(1 + |ζL|2)dj + 1
(1 + |ζL|2)2j+1 |ζL|4 . (59)
See Appendix for details. While we did not achieve a full factorization of the classical value, it is easy to
see from the above expression that the second line is exponentially suppressed for large A. The normalized
expectation value then becomes quickly eiξe−
t
4 . We can obtain more explicit formulas for the simple case
ζL = 0 = ζR,
〈eωτ3 , t|êiξ|eωτ3 , t〉 = eiξe− t4
∑
j
(2j + 1)2(2j + 3)
(2j + 2)
e−t(j+1)
2
e(2j+2)A, (60)
〈êiξ〉 = eiξ
∑
j
(2j+1)2(2j+3)
(2j+2) e
−t(j+1)2e(2j+2)A
2
∑
j d
2
je
−tj(j+1) cosh(djA)
A7→∞−→ eiξe− t4 . (61)
In this simpler case, the variance is
〈Ω, t|ê2iξ|Ω, t〉 = e2iξe− t4
∑
j
(2j + 1)2(2j + 3)(2j + 5)
(2j + 2)(2j + 4)
e−t(j
2+3j+3)e(2j+3)A
A7→∞−→ e2iξe−t. (62)
We recover the same peakedness properties of the heat-kernel coherent states, included the typical shift in
the expectation values of the angle operators.
These expressions are simpler than the corresponding ones for the HKCS, see e.g. (35), and with the
same large A limit. On the other hand, the states are slightly more spread than the HKCS for finite A, as
shown in Fig. 4. This is a price to pay for having better peakedness properties in the directions. Together
of course with the loss of minimal uncertainty between the annihilation operator Hˆ and its adjoint.
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Figure 4: Comparison of the spread of êiξ for the HK and TG coherent states. The large area behaviour is the same,
but the HK coherent states have slightly better spread at finite A.
3.3 Simpler cosine states
It is possible to consider a simplified family given by only one set of extremal weights, e.g. the lowest,
ΨtΩc(g) := 2
∑
j
d
3
2
j e
− t2 j(j+1) cos
(
1
2djω
)
D
(j)
−j−j(n
−1
R gnL). (63)
The necessary modification is to use a cosine of djω instead of a single exponential. We label this choice
with Ωc to distinguish it from the symmetric choice (43), with the c in reference to the cosine. This is also a
good family of coherent states, and provides a resolution of the identity with exactly the same measure (47).
It has the nice property of being a holomorphic function in (ω, ζL, ζ¯R),
3, even though unfortunately this does
not lead to the possibility of constructing a new holomorphic representation for the holonomy-flux algebra
(more on this below). It has similar peakedness properties to the symmetric family (43), but a somewhat
unpalatable ξ-dependence of norm and flux expectation values. For the norm of the states, we have
||ΨtΩc||2 = 2
∑
j
d2je
−tj(j+1)(cosh(djA) + cos(djξ)). (64)
The dependence on ξ fades in the large A limit only, and the elegant connection to the theta functions is
lost. For the flux expectation values, we find
〈~ˆL〉 =
∑
j jd
2
je
−tj(j+1)
(
cosh(djA) + cos(djξ)
)
∑
j d
2
je
−tj(j+1)
(
cosh(djA) + cos(djξ)
) ~nL. (65)
We recover the nice property of a simple direction given by the classical label, but the proportionality factor
depends again on ξ, and not only on A. For these reasons, they seem to us a less elegant option. On the
other hand, certain mathematical manipulations can be simpler with these states thanks to the presence of
a single extremal weight. With these considerations upfront, both choices (43) and (63) provide families of
coherent states.
4 Further properties of the new coherent states
4.1 Z2 symmetry of twisted geometries
The rationale for the new coherent states is to take inspiration from the twisted geometry parametrization
(5). To begin with, we can peak the fluxes on the classical labels nL,R using linear superpositions in the
magnetic numbers with the coefficients of the SU(2) coherent states,∑
jmn
wjD
(j)
±j,m(n
−1
R )D
(j)
n,±j(nL) |j,m, n〉. (66)
The spin weights wj can then be chosen to introduce a peakedness in the area-angle pair (A, ξ). To find
the right weights, we look at the area-angle part of the algebra. Taken by itself, this has the same Poisson
3A version holomorphic in (ω, ζL, ζR) is obtained taking mixed highest/lowest weights Dj−j .
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structure of the pair of action-angle variables for the harmonic oscillator. One way to construct coherent
states for the action-angle variables is to start from the coherent states for a particle on the circle,
|ω, t〉 =
∑
n∈Z
e−
t
2n
2−inω|n〉 ∈ L2[S1], (67)
and reduce them by a Z2 symmetry mapping the negative modes of the particle into positive values of
the harmonic oscillator action. This reduction results in trading exp(−inω) with cos(nω). To apply this
procedure in our case, two adaptations are needed. First, we start with a particle on the double cover of the
circle, to allow for half-integer representations. Second, we shift the particle’s momentum to j + 1/2 so to
have the Casimir as Gaussian factor. Accordingly, we consider as starting ansatz the states
|Ω, t〉± :=
∑
jmn
dje
− t2 j(j+1)e∓
i
2djωD
(j)
±j,m(n
−1
R )D
(j)
n,±j(nL) |j,m, n〉, (68)
with j ∈ Z/2. Both choices of sign are equally good, and we have a single exponential and extremal weight.
The Z2 symmetry is not implemented yet: As such, these states are the analogue of the particle on the circle,
and would provide a resolution of the identity on an auxiliary Hilbert space with j ∈ Z/2, and double cover
phase space A ∈ R, ξ ∈ [−4pi, 4pi), ζL ∈ CP 1, ζR ∈ CP 1, given by
1aux = e
− t4
∫
CP 1
dµ(ζL)
∫
CP 1
dµ(ζR)
∫ 4pi
−4pi
dξ
8pi
∫ ∞
−∞
dA√
pit
e−
A2
t |Ω, t〉±〈Ω, t|±. (69)
To restrict the integration domain to the proper phase space, there are two simple options that manifest
themselves. First, we could modify the Gaussian factor, introducing an Erf function as discussed earlier for
the Gaussian states (20). Observing that
e−
t
4 e−tCj
∫ ∞
0
dA√
pit
e−
A2
t e−Adj =
1
2
(
1 + Erf
(dj
2
√
t
))
, (70)
The correct resolution of the identity is satisfied if we modify (68) with an additional Erf weight,
|Ω, t〉Erf± :=
∑
jmn
dj
√
2
(
1 + Erf
(dj
2
√
t
))− 12
e−
t
2 j(j+1)e∓
i
2djωD
(j)
±j,m(n
−1
R )D
(j)
n,±j(nL) |j,m, n〉, (71)
1 = e−
t
4
∫
CP 1
dµ(ζL)
∫
CP 1
dµ(ζR)
∫ 2pi
−2pi
dξ
4pi
∫ ∞
0
dA√
pit
e−
A2
t |Ω, t〉Erf± 〈Ω, t|Erf± . (72)
This is the same type of approach that one could use for the Gaussian states (20). The result is a family of
coherent states with rather complicated expressions for the expectation values.
The second option is to select even functions of the phase space. The map between the double cover
phase space and T ∗ SU(2) has the following Z2 symmetry,
(ω, nL, nR) 7→ (−ω, nL, nR). (73)
The action on the Hopf section has the effect of switching highest and lowest weights. If we restrict the
ansatz (68) requiring even functions under (73) we obtain the twisted geometries coherent states (43),
|Ω, t〉 = |Ω, t〉− + |Ω, t〉+. (74)
For the simpler cosine states (63), we require even functions under the map ω 7→ −ω. The full map (73)
does not leave the cosine states invariant, but trades them for an equivalent set. Therefore both families
implement the Z2 symmetry.
4.2 On holomorphic representations
A beautiful property of the HKCS is to define a holomorphic representation for the holonomy-flux operators,
based on the SL(2,C) complex structure. In this representation, the annihilation operator a := Hˆ and its
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adjoint act as differentiation and multiplication by a triple of complex variables. These are in turns functions
of the original holonomy-flux operators. A natural question for us is whether the new family of TGCS offers
a new holomorphic representation, possibly related to the holonomy-flux operators in a simpler way than the
creation and annihilation operators. After all, the parametrization (5) is suggestive that there could be a
holomorphic representation based on the complex structures of S2 and T ∗S1, as opposed to that of SL(2,C).
The answer appears however to be negative.
The simplest attempt to construct such a new holomorphic representation would be to start from the
known holomorphic representations of SU(2) and the particle on the circle. Namely, to consider first the
auxiliary Hilbert space discussed above, the one with j ∈ Z/2. In this auxiliary space, the states (68) provide
indeed a holomorphic representation, with
ˆ = ∓i∂ω − 1
2
, (75)
depending on the ±1 choice in (68), and the fluxes acting as the known holomorphic representation given
by the SU(2) coherent states [45]. This representation however fails for the states (43) or (63) because it is
incompatible with the Z2 symmetry they implement: In a very obvious way, the derivative does not preserve
the cosine choice of the simpler states, nor the structure of the full states.
One may try more complicated ansa¨tze than (75), but we believe there is a deeper stumbling block. The
holomorphic representation provided by the HKCS is guaranteed by the complexifier construction. As far as
we understand, this requires global complex Darboux coordinates, which are (non-trivially) provided by the
SL(2,C) complex structure. On the other hand, even if the parametrization (5) splits the T ∗SU(2) symplectic
potential into three terms corresponding to complex manifolds, the three complex variables (ω, ζL, ζR) do
not provide global Darboux coordinates. Therefore the states obtained are not of the complexifier type, and
one cannot obtain a holomorphic representation that way.
An alternative and elegant mathematical way to construct holomorphic representations is to use geometric
quantization. In this approach, one uses builds a representation associated to a classical complex polarization
taking the symplectic potential as connection, and requiring covariant constancy of the wave functions. For
a simple Darboux symplectic potential, this translates into holomorphicity of the wave-functions. But the
symplectic potential in the twisted geometry variables is not diagonal [14]. Therefore imposing this strategy
will indeed not lead to simple holomorphic functions. We leave the investigation of this approach to future
work.
4.3 Annihilation operator eigenvalue equations
By the way we constructed the new coherent states, there is no guarantee that they are eigenvectors of an
annihilation operator. And indeed this appears not to be the case. We consider the following shift operators,
Ŝ |j,m, n〉 = 1
2j(2j + 1)
√
(j +m)(j +m− 1)(j + n)(j + n− 1) |j − 1,m− 1, n− 1〉, (76)
T̂ |j,m, n〉 = 1
2j(2j + 1)
√
(j −m)(j −m− 1)(j − n)(j − n− 1) |j − 1,m+ 1, n+ 1〉. (77)
Since they decrease the spin j, they can be interpreted as annihilation operators while their adjoint operators
are interpreted as creation operators. The auxiliary states (68) satisfy the following finite difference eigenvalue
equations:
Ŝ et(ˆ+1) |Ω, t〉− = A |Ω, t〉−, T̂ et(ˆ+1) |Ω, t〉− = B¯ |Ω, t〉−, (78)
Ŝ et(ˆ+1) |Ω, t〉+ = B |Ω, t〉+, T̂ et(ˆ+1) |Ω, t〉+ = A¯ |Ω, t〉+, (79)
where
A := eiω
ζ2L ζ¯
2
R√
(1 + |ζL|2)(1 + |ζR|2)
, B := e−iω
1√
(1 + |ζL|2)(1 + |ζR|2)
. (80)
Hence these states are eigenvectors of Sˆ and Tˆ . From these formulas and a little algebra, we find that the
Z2-invariant states satisfy[
Ŝ + e−2iω
e+2iωζ2L ζ¯
2
R − 1
e−2iω ζ¯2Lζ2R − 1
T̂
]
etˆ |Ω, t〉 = e
−te−iω
e−2iω ζ¯2Lζ2R − 1
|ζ2L ζ¯2R|2 − 1√
(1 + |ζL|2)(1 + |ζR|2)
|Ω, t〉. (81)
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Notice the phase-space dependence on the left-hand side: even if this equation may look at first sight like an
eigenvalue equation for an annihilation operator, each state in the family requires a different operator, and
therefore the members of the family are not eigenvectors of the same operators. It is possible to consider
different annihilation operators acting differently on the magnetic labels, but we were not able to find any
whose eigenvectors span the new family of coherent states. Just as for the holomorphic representation,
being a family of eigenvectors of annihilation operator is a special property guaranteed by the complexifier
construction, but not by our generalized construction of coherent states.
5 Comparison with the spinorial coherent states
We have focused our discussion on the comparison between our new twisted geometry coherent states with
the original heat kernel states. But another family of coherent states has also appeared in the literature
on spin networks and spin foam amplitudes for loop quantum gravity. For completeness, we report the
comparison with those spinorial coherent states as well. They turn out to be defined by a Poisson weight
for the spins instead of the Gaussian probability distribution used in both the HK and TG states.
In the papers on the spinorial representation of loop quantum gravity [46, 28, 47, 22, 48], the following
spinorial coherent states were introduced, as natural functions over the SU(2) group:
Ψ(zL,zR)(g) = 〈g¯|zL, zR〉 := e〈zR|g|zL〉 =
∑
j
〈zR|g|zL〉2j
(2j)!
=
∑
j
〈j, zR|g|j, zL〉
(2j)!
, (82)
with the SU(2) spinorial coherent states defined as:
|z〉 =
(
z0
z1
)
, |j, z〉 = ||z||2j g(z) |j, j〉, g(z) = 1||z||
(
z0 −z¯1
z1 z¯0
)
∈ SU(2). (83)
These plane waves e〈zR|g|zL〉 provide a resolution of the identity with the Gaussian measure on the spinors
[28, 47]. They admit a straightforward extension to intertwiner states [47, 29] and lead to interesting
applications to spinfoam amplitudes [32, 33, 35].
The mapping to the twisted geometry parametrization was given in [21], see Appendix A, and results
from a factorization of the SU(2) matrix elements:
g(z) = eiarg(z0)σ3 n(ζ) with ζ = − z¯
1
z0
. (84)
This allows to write the plane-wave as:
e〈zR|g|zL〉 =
∑
j
(||zL||||zR||)2j
(2j)!
e2ij(arg z
0
L−arg z0R)D(j)jj (n
−1
R gnL), (85)
where the twisted geometry parameters are thus given in terms of the spinors by 2A = ||zL||2 = ||zR||2 and
ξ = 2(arg z0R − arg z0L).
Comparing to the TGCS ansatz, we see that the Gaussian factor is replaced here by a simple Poisson
distribution. The peakedness properties in the normals and holonomy are similar. The main difference is
that the spinorial coherent state ansatz does not include any modifiable squeezing parameter t, and the
width of the state is determined by the area label alone [28, 47].
Let us look at the properties of those states in more details. Translating the SU(2) plane wave ansatz
given above into the ket notation of coherent states, the spinorial coherent state is defined as:
|zL, zR〉 =
∑
j,m,n
d
− 12
j
(2A)2j
(2j)!
e−ijξD(j)m,j(nR)D
(j)
n,j(nL) |j,m, n〉 (86)
=
∑
j,m,n
d
− 12
j
(2A)2j√
(j +m)!(j −m)!(j + n)!(j − n)! e
−ijξ (−ζ¯L)j−n
(1 + |ζL|2)j
(−ζR)j−m
(1 + |ζR|2)j |j,m, n〉.
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The norm of this state is:
〈zL, zR|zL, zR〉 =
∑
j∈N/2
(2A)4j
(2j)!(2j + 1)!
=
I1(4A)
2A
, (87)
in terms of the modified Bessel function I1. The probability distribution for the spin j is Poisson-like:
〈zL, zR| P(ˆ) |zL, zR〉 =
∑
j∈N/2
P(j) (2A)
4j
(2j)!(2j + 1)!
, (88)
for an arbitrary polynomial P in the spin j. The weight factors (2A)4j(2j)!(2j+1)! are peaked on j ∼ A, which is
easy to check for large A using the Stirling approximation for the factorials. Moreover, including the norm
factor, the expectation value of the spin and its spread are given by Bessel functions:
〈ˆ〉 := 〈zL, zR| ˆ |zL, zR〉〈zL, zR|zL, zR〉 = A
I2(4A)
I1(4A)
∼
A→∞
A− 3
8
, (89)
〈ˆ2〉 := 〈zL, zR| ˆ
2 |zL, zR〉
〈zL, zR|zL, zR〉 =
A
2
I3(4A) + 2AI2(4A)
I1(4A)
∼
A→∞
A2 +
A
8
− 991
2048
, (90)
∆2ˆ ∼
A→∞
7
8A
→
A→∞
0. (91)
Now, for the twist angle, we compute the expectation of the exponentiated operator:
êiξ|j,m, n〉 = (j +m+ 1)
1/2
(j +m+ 2)1/2
(j + n+ 1)1/2
(j + n+ 2)1/2
|j + 1,m+ 1, n+ 1〉, (92)
〈zL, zR| êiξ |zL, zR〉 = eiξ
∑
j≥0
(djdj+1)
− 12 (2A)4j+2Dj(|ζL|2)Dj(|ζR|2) (93)
with the auxiliary function
Dj(x) = 1
(1 + x)2j+1
∑
m
xj−m
(j −m)!(j +m)!(j +m+ 2) =
x2j+2 + (dj − x)(1 + x)2j+1
(2j + 2)!(1 + x)2j+1
. (94)
The square-root factor (djdj+1)
1
2 forbids an exact re-summation of this series. This suggests that a slightly
different choice of ordering for the translation generator êiξ might be more suitable. Putting this considera-
tion aside, for large spins j  x, approximating the factor (djdj+1) 12 ∼ dj+ 12 = (2j+ 2), the series simplifies
to:
〈zL, zR| êiξ |zL, zR〉 ∼ eiξ
∑
j
(2A)4j+2
(2j + 1)!(2j + 2)!
= eiξ
[
I1(4A)
2A
− 1
]
,
such that one gets the expected result at large area A:
〈êiξ〉 = 〈zL, zR| ê
iξ |zL, zR〉
〈zL, zR|zL, zR〉 ∼A→∞ e
iξ . (95)
As for the resolution of the identity, the calculation is easily adaptable from the computation done for the
heat kernel coherent state and the Z2-symmetrized coherent state. It is slightly different from the resolution
of the identity for spinorial coherent states proposed in [28, 47, 22] in terms of complex integrals over the
spinors zL and zR, since here we separate the norm of the spinors, from their phases and their 3d directions
and further require that their norm be equal. Nevertheless, we get 4 :
1 =
∫
CP 1
dµ(ζL)
∫
CP 1
dµ(ζR)
∫ 2pi
−2pi
dξ
4pi
∫ ∞
0
dA 25A2K1(4A)|zL, zR〉〈zL, zR| , (96)
4We use the integral identity
∫
dAK1(4A)A2n = n!(n− 1)!2−2n−3 for an integer n.
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in terms of the modified Bessel 5 function K1. Note that in the asymptotic large A regime, this measure
factor decreases exponentially as K1(4A) ∝ e−4A/
√
A.
As for the annihilation operator eigenstate equation, we introduce a slightly different normalization6 for
the shift operator:
̂˜S |j,m, n〉 = √ (2j + 1)
(2j − 1)
√
(j +m)(j +m− 1)(j + n)(j + n− 1) |j − 1,m− 1, n− 1〉 , (97)
which is such that: ̂˜S |zL, zR〉 = (2A)2e−iξ
(1 + |ζL|2)(1 + |ζR|2) |zL, zR〉 , (98)
thereby providing the spinorial coherent states with a holomorphic representation as eigenstates of an anni-
hilation operator.
All in all, the spinorial coherent states have all the good properties of coherent states and are elegantly
resummed as the plane-waves exp 〈zR|g|zL〉 on the Lie group SU(2). They can be very efficient for dealing
with spin network evaluations and spin foam amplitudes, but they lack the flexibility of a variable width
parameter, such as t, which is accommodated by the heat kernel and twisted geometry coherent states. It is
likely possible to re-introduce such a variable width parameter through a squeezing operation, which would
likely complicate the series in spin in a similar way than the HKCS and TGCS.
6 Gauge-invariant states and coherent intertwiners
An advantages of the twisted geometry parametrization is the localization of variables at the nodes, which
allows one to solve explicitly the Gauss constraint, and to find a complete set of fully gauge-invariant
observables. This was pointed out in [14], and the explicit reduction developed in [10, 12] for the node
variables, and [49] for the links (see also [50, 51]). The number of reduced variables on a generic closed graph
is
6L− 6N = 2L+ 2
∑
n
(valn − 3). (99)
The node variables, two for 4-valent nodes, can be taken to be dihedral angles, or Kapovich-Millson variables,
or complex cross ratios Zn. For the links, the area variables Al are gauge-invariant, but the twist angles
ξl are not. In fact, they are pure gauge, since any rotation around the z axis of the source or target node
changes ξl arbitrarily. A gauge-invariant twist angle ξ¯
l
ij , depending on the link and a choice of dual edge,
can be defined considering the scalar product between the two vectors associated to the same edge in two
adjacent polyhedra, that is [50, 49, 51]
cos ξ¯lij :=
~nL × ~ni · gl . ~nj × ~nL
||~nL × ~ni|| ||~nj × ~nL|| . (100)
Notice the presence of the link holonomy, which parallel transports the vectors in the same frame and
guarantees the gauge-invariance of this expression. Gauge-invariant quantities including the holonomies are
typically built using Wilson loops and spin networks. The advantage of this alternative choice is to be more
local: The gauge-invariant twist angle only requires variables on one link and two half-links connected to it.
This description also makes it trivial to solve the problem of redundancy of the loop variables: it suffices to
take one choice of ξ¯ljk per link, and with this choice done,
(Al, ξ¯
l
jk, Zn) (101)
is a complete and non-redundant basis of observables. The subset of twisted geometry corresponding to
conformal twisted geometries is identified by the conditions ξ¯ljk = ξ¯
l
mn, namely the gauge-invariant twist
angle is independent of the choice of dual edge. The gauge-invariant twist angle can then be precisely related
5This Bessel measure can be simply recovered from a double exponential measure, writing A =
√
ALAR with AL,R respec-
tively the half squared-norm of the spinor zL,R, and integration measure e
−ALe−AR dAL dAR.
6 The difference of normalization with the TGCS comes from the dj factors entering the defining series over the spin j.
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to the extrinsic curvature. For a triangulation, this subset corresponds to a (polyhedral) Regge geometry, but
for a generic cellular decomposition, one needs additional shape matching conditions to reduce a conformal
twisted geometry to a Regge geometry. See [51, 52, 53] for details.
The localisation at the nodes is a convenient feature also of the new family of coherent states. It is
expressed by the factorization in terms of highest and lowest weights, without sums over the magnetic
indices as in the case of the heat-kernel states. This structure allows one to immediately write the projection
on the gauge invariant states in terms of coherent intertwiners [9], for all values of A. Consider first the
simpler family of cosine states (63). Group averaging gives
|Γ,Ωl, t〉c =
∑
jl,in
∏
l
d
1
2
jl
e−
t
2 jl(jl+1)2 cos
(
1
2djlωl
)∏
n
cin({nl})|Γ, jl, in〉, (102)
a linear combination of spin networks weighted by a Gaussian factor – which can be made explicit using
(15) – and the coherent intertwiners. The explicit form of the coherent intertwiner coefficients cin({nl})
is reported in Appendix B, and depends on the orientation of the graph. With the parametrization (5),
we always associate the left labels nL to the sources of a link, and the right labels nR to the targets. The
argument of the coefficient is then nL for the outgoing links and nR for the incoming links.
With the symmetric family (43), group averaging gives
|Γ,Ωl, t〉 =
∑
jl,in
∏
l
d
1
2
jl
e−
t
2 jl(jl+1)
∑
l=±1
∏
l
e−
i
2 ldjlωl
∏
n
cσnin ({nl})|Γ, jl, in〉. (103)
Here σn = {l} is the set of signs for all links at the node n. The coefficients are the same as before, but
now the explicit form is not determined by the orientation of the graph alone, but also by whether one is
looking at the lowest or highest weight term. Notice in fact that replacing a minimal weight with a maximal
weight has exactly the same effect in the coefficient of the coherent intertwiners as changing the orientation
of a link. The argument of the coefficient is on the other hand always nL for the outgoing links and nR for
the incoming links. In other words, the relative orientation of the normal determined by using the lowest or
highest spin affects the form of the coefficient, whereas the label is always the one determined by the graph
orientation. With the simpler cosine states not only the attribution of the label is fixed once and for all by
the graph orientation, but also the form of the coefficient.
The additional sums, as well as the disconnect between the form of the coefficient cin and the orientation
of the graph, may look like unnecessary complications of the symmetric family. However, recall that the norm
of the coherent intertwiners is exponentially suppressed in the large spin limit unless the closure condition
is satisfied [9]. For the complete states, a large spin limit is induced by a large A limit. For a node with all
links outgoing, the closure condition applied to the labels of (103) gives∑
l∈n
jll~nlL = 0. (104)
But for a given state the labels are fixed: Therefore only two (opposite) sets of l are not exponentially
suppressed in the large A limit. A similar situation occurs for any type of orientation, so that a single sign
freedom for the whole graph is enhanced. We conclude that in the large A limit, the symmetric states give
a reduced state which has the simple form (102), up to exponentially small correction.
The states (102) and (103) provide a family of coherent states for the gauge-invariant Hilbert space of
loop quantum gravity. They are expressed in terms of coherent intertwiners, proving that the latter are a
natural and convenient basis for full loop quantum gravity, and not just for the Hilbert space of a single
node.
The presence of states with exponentially-suppressed norm in these two families (those with the normals
not closing) is a common result of quantum projections, which leave us with an over-redundant family
of gauge-invariant coherent states labelled by non-gauge-invariant classical labels. As a consequence, the
resolution of the identity over the gauge-invariant Hilbert space using (102) or (103) counts infinitely many
times the same state. For a single coherent intertwiner, a further reduction of the classical labels to gauge-
invariant ones was obtained in [10] for a four-valent node, and in [29] for a general node. The result is a
family of reduced coherent intertwiners labelled only by gauge-invariant variables, like the cross ratios for
instance, and providing a minimal resolution of the identity without over-redundancies. The interesting
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question that we leave open for future work is to do the same at the level of the full graph Hilbert space, and
reduce the gauge-invariant states (102) or (103) so that they depend only on the gauge-invariant variables
(101). We expect that doing so will also eliminate the l sums of the symmetric states, providing simpler
expressions.
7 Conclusions
We have shown that it is possible to have coherent states for LQG that have always a clear direction of the
fluxes, while keeping good peakedness properties in the fluxes and holonomy components. For the holonomy,
we stressed the usefulness of defining simpler shifts operators using the harmonic oscillator representation
defined by the twisted geometry and spinorial parametrization. A direct numerical study of peakedness shows
that the new TGCS are more peaked in the flux than the HKCS, but less peaked in the holonomy component
studied. The two key properties of the TGCS are the expectation value of the fluxes, with direction exactly
given by the classical label, see (54), and their relation to coherent intertwiners for all classical labels, see
(103).
We close with some possible applications and open questions for future work. Just like the HKCS, the
TGCS are kinematical. They can nonetheless be used to define effective Hamiltonians (for instance, around
a homogeneous background for cosmological applications, or for perturbations around flat connections for
spinfoam amplitudes). Comparing the effective dynamics obtained with two different choices of kinematical
coherent states can help assess the strength of the predictions, and better control the meaning of the computed
quantum corrections. The new states can also be used to construct new quantum operators based on the
so-called P or Q representations [12, 30].
Among the open questions, two lines of future investigation clearly stand out. First, investigating whether
it is possible to find a holomorphic representation associated with the twisted geometry parametrization,
something not achieved by the TGCS presented here. Second, the HKCS can be derived from a graph-
restriction of a continuous definition on the full LQG Hilbert space L[A, dµAL]. This is possible thanks to
the distributional interpretation of the labels. The twisted geometry parametrization is on the other hand
inherently discrete, hence it is not obvious what would be a continuous definition of the coherent states that
reduce to the TGCS on a fixed graph. In this respect, the path for a continuous interpretation of twisted
geometries recently presented in [54] offers a new way to think about this problem. We leave these questions
for future work.
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A Conventions
A.1 Twisted geometries and spinorial parametrization
On T ∗SU(2) ' SU(2)×su(2), we define the left-invariant and right-invariant vector fields acting respectively
as right and left derivatives,
Lif(g) := i∇Ri f(g) = i
d
ds
f
(
gesX
)∣∣
s=0
, Rif(g) := i∇Li f(g) = i
d
ds
f
(
e−sXg
)∣∣
t=0
. (A.1)
They are related by the adjoint action
L = −gRg−1, (A.2)
where we used the map LAB := τ
A
i BL
i, and τi = (−i/2)σi in terms of Pauli matrices. The Poisson structure
is defined by the following brackets,
{Li, Lj} = ijkLk, {Ri, Rj} = ijkRk, {Li, Rj} = 0, (A.3)
{Li, gAB} = (gτ i)AB , {Ri, gAB} = −(τ ig)AB , {gAB , gCD} = 0.
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For reference, the relation to the tilde/untilde notation used in [14] is X = R, X˜ = L.
The spinorial parametrization [21, 22, 23] is based on the isotropic reduction C4//C ' T ∗SU(2), with
(zAL , z
A
R ) ∈ C4, A = 0, 1, and C := ||zL||2 − ||zR||2. Here ||z||2 := δAA˙z¯A˙zA is the SU(2)-invariant hermitian
norm. Spinorial indices are raised and lowered as zA := z
BBA, with 
AB = iσ2 = AB as matrices. We will
also use the ket notation |z〉 := zA, 〈z| := δAA˙z¯A˙, ||z||2 = 〈z|z〉, and [z| := zA, |z] = δAA˙z¯A˙. The isotropic
reduction is given by [21]
~L := 〈zL|~σ
2
|zL〉, ~R := −〈zR|~σ
2
|zR〉, g := |zL〉〈zR|+ |zL][zR|||zL|| ||zR|| , (A.4)
with brackets
{zAL , z¯A˙L } = −iδAA˙, {zAR , z¯A˙R } = iδAA˙. (A.5)
Twisted geometries are based on the alternative parametrization of the holonomy-flux algebra in terms
of both left and right-invariant vector fields, plus an additional twist angle ξ that captures the remaining
component of the holonomy [14]. This parametrization depends on a choice of section for the Hopf bundle
S3 ' (S2, S1). Choosing the section
n(ζ) :=
1√
1 + |ζ|2
(
1 ζ
−ζ¯ 1
)
, ζ ∈ CP 1, (A.6)
we have (5) in the main text, here reported for convenience:
(g, ~L) 7→ (A, ξ, ζL, ζR), A ≥ 0, ξ ∈ [−2pi, 2pi), ζL ∈ CP 1, ζR ∈ CP 1, (A.7)
g = nLe
ξτ3n−1R , L = AnLτ3n
−1
L , R = −AnRτ3n−1R . (A.8)
The 4pi period of the twist angle can be easily identified noticing that the Hopf section does not include the
SU(2) element −1. An interesting property of this parametrization is that the twist angle is canonically
conjugate to the area under the holonomy-flux algebra (A.3),
{ξ, j} = 1. (A.9)
See [14] for more details.
The relation to the spinorial parametrization is obtained identifying the spinor components as homoge-
neous coordinates for the sphere S2 ' CP 1 with stereographic coordinate ζ. Choosing ζ := −z¯1/z¯0, we
have
A =
||zL||2
2
=
||zR||2
2
, ζL := − z¯
1
L
z¯0L
, ζR := − z¯
1
R
z¯0R
, ξ = 2 arg z0R − 2 arg z0L. (A.10)
One can explicitly check that the parametrizations of the vector fields in (A.8) and (A.4) are consistent. In
view of the quantization, it is useful to consider the exponential
eiξ =
(z¯0L)
2
|z0L|2
(z0R)
2
|z0R|2
, (A.11)
which satisfies
{eiξ, A} = ieiξ. (A.12)
A.2 Holonomy-flux algebra
We take units ~ = 1 = G, and use the quantization map [, ] = i{̂, } for the fundamental operators. The
quantum holonomy-flux algebra reads
[Lˆi, Lˆj ] = iijkLˆk, [Rˆi, Rˆj ] = iijkRˆk, [Lˆi, Rˆj ] = 0, (A.13)
[Lˆi, gˆAB ] = i(gˆτ
i)AB , [Rˆ
i, gˆAB ] = −i(τ igˆ)AB , [gˆAB , gˆCD] = 0. (A.14)
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The space L2[SU(2), dµHaar] carries a unitary irreducible representation of this algebra, with the flux opera-
tors acting as the left and right derivatives (A.1), and the holonomy operator gˆAB = g
A
B acting multiplica-
tively. The eigenvectors |g〉 of the holonomy operator provide a generalized basis (i.e. plane-wave-like), and
the eigenvectors |j,m, n〉 of ~ˆL2, Lˆ3, Rˆ3 an orthogonal basis. The transformation between the two is given by
the Wigner matrices,
〈g¯|j,m, n〉 = √djD(j)mn(g) = √dj〈j,m|g|j, n〉. (A.15)
The expression of this overlap invites also the convenient interpretation |j,m, n〉 7→ √dj |j, n〉〈j,m|, in line
with the Peter-Weyl decomposition L2[SU(2), dµHaar] = ⊕(V j⊗V¯ j).7 Accordingly, the right-invariant vector
fields act as hermitian conjugated. With our conventions, the action of the vector fields is
Lˆ3|j,m, n〉|j,m, n〉 = n|j,m, n〉, Rˆ3|j,m, n〉|j,m, n〉 = −m|j,m, n〉, (A.16)
Lˆ±|j,m, n〉|j,m, n〉 = c±(j, n)|j,m, n± 1〉, Rˆ±|j,m, n〉|j,m, n〉 = −c∓(j,m)|j,m∓ 1, n〉,
where c±(j,m) :=
√
(j ∓m)(j ±m+ 1). The minus sign in the action of the right-invariant operators follows
from the relative sign in (A.1), and it is chosen to have the structure constants of both sets of operators with
the same sign, see (A.13). The action of the holonomy operator is obtained through the Clebsch-Gordan
coefficients Cj1j2jJm1m2M as
gˆAB |j,m, n〉 =
∑
M,N
C
1
2 ,j,j+
1
2
A,m,M C
1
2 ,j,j+
1
2
B,n,N |j + 12 ,M,N〉+
∑
M,N
C
1
2 ,j,j−
1
2
A,m,M C
1
2 ,j,j−
1
2
B,n,N |j − 12 ,M,N〉 (A.17)
It includes both positive and negative shifts of the spins, and generic mixtures with shifts of the magnetic
numbers.
Following Schwinger, these actions can be realized in terms of two pairs of harmonic oscillators, aAL and
aAR , with A = 0, 1. To take into account the hermitian action of the right-handed generators, we interpret
|j,m, n〉 = √dj |n0L, n1L〉〈n0R, n1R|, (A.18)
and identify
j =
n0L + n
1
L
2
=
n0R + n
1
R
2
, m =
n0R − n1R
2
, n =
n0L − n1L
2
. (A.19)
The expression for the generators is
Lˆ±,3 =
(
a0†L aL
1, aL
0aL
1†,
nL
0 − nL1
2
)
, Rˆ±,3 = −
(
a0†R a
1
R, a
0
Ra
1†
R ,
n0R − n1R
2
)
. (A.20)
These can be obtained from the spinorial representation (A.4) and the standard Schro¨dinger harmonic
oscillator quantization map
z 7→ zˆ := a, z¯ 7→ ˆ¯z := a†. (A.21)
The resulting brackets are
[aAL , a
B†
L ] = δ
AB , [aAR , a
B†
R ] = −δAB . (A.22)
Notice that one can also give a representation of the holonomy operator in terms of harmonic oscillators,
by applying the above map to the spinorial parametrization in (A.4). This construction requires a choice of
ordering, see [48]. Upon doing so, one obtains the full holonomy-flux quantum algebra in terms of harmonic
oscillators, as advocated in [21, 55, 26]. For recent applications of this formalism to understanding the
structure of correlations and entanglement on spin network states in loop quantum gravity, see [24, 36].
7Care is however needed in using this interpretation, since these vectors live in different Hilbert spaces, in particular
〈k, p, q||j,m, n〉 = δkjδpmδqn 6= djδkjδpmδqn as could be suggested by the second expression.
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A.3 Shift operators
A further point of interest of the twisted geometries and spinorial parametrizations is to permit the con-
struction of new operators. This is similar to the way the Schwinger representation for the algebra permits
the construction of new operators for the angular momentum and its invariants [?, ?]. In the case of the
holonomy-flux algebra, one can define new operators to simplify the action of the holonomy operator in the
electric basis, providing for instance only positive or only negative shifts, as well as disentangling the shifts
on the spins from the shifts on the magnetic numbers. One such new operator is the twist angle, which
is canonically conjugated to the area, and thus expected to provide a spin shift in one direction only. We
can define it from its classical expression (A.23) and the quantization map (A.21). With a natural ordering
prescription, we define
êiξ := (n0R)
−1(a0†R )
2(n0L)
−1(a0L)
2. (A.23)
We notice that
[êiξ, ˆ] = −êiξ, (A.24)
as to be expected for a creation operator, and in agreement with (A.12). Its action can be easily computed
to be
êiξ|j,m, n〉 = (j +m+ 1)
1/2
(j +m+ 2)1/2
(j + n+ 1)1/2
(j + n+ 2)1/2
|j + 1,m+ 1, n+ 1〉. (A.25)
This operator is sufficient to the scopes of our paper. We used it in the main text to evaluate expectation
values of holonomy components on the heat-kernel and twisted geometry coherent states, and compare them.
To define the inverse of (A.23), a bit more care is required: merely taking the adjoint leads to an operator
mapping |j,m, n〉 7→ |j − 1,m− 1, n− 1〉 unboundedly. A similar problem appears when using action-angle
operators for the harmonic oscillator, and can be dealt with redefining the creation and annihilation operators
as ˆêiξ and ê−iξ ˆ, so to have a bounded action for |0, 0, 0〉. See e.g. [56].
We remark also that additional useful operators that perform different shifts. For instance it is possible
to shift the spin and not the magnetic numbers,
∆j := a
0†
R a
1†
R a
0
La
1
L, (A.26)
∆j |j,m, n〉 =
√
(j +m)(j −m)(j + n)(j − n)|j − 1,m, n〉. (A.27)
This action vanishes on any highest or lowest magnetic weight, as well as on the vacuum ket |0, 0, 0〉, making
it well-defined on L2[SU(2), dµHaar]. The hermitian conjugate gives
∆†j |j,m, n〉 =
√
(j +m+ 1)(j −m+ 1)(j + n+ 1)(j − n+ 1)|j + 1,m, n〉. (A.28)
We conclude with a list of properties of Wigner’s matrices that were used in the main text.
D
(j)
m,−j(g) =
(
2j
j +m
)1/2
(g12)
j+m(g22)
j−m, D(j)mj(g) =
(
2j
j −m
)1/2
(−g¯12)j−m(g¯22)j+m. (A.29)
D
(j)
m,−j(n) =
√
(2j)!
(j +m)!(j −m)!
ζj+m
(1 + |ζ|2)j , D
(j)
m,j(n) =
√
(2j)!
(j +m)!(j −m)!
(−ζ¯)j−m
(1 + |ζ|2)j . (A.30)
∑
n
(
j + n+ 1
j + n+ 2
) 1
2
D
(j)
nj (nL)D
(j+1)
n+1,j+1(n¯L) =
(1 + 2j − |ζL|2)(1 + |ζL|2)dj + |ζL|4(j+1)√
(2j + 1)(2j + 2) (1 + |ζL|2)2j+1
, (A.31)
∑
n
(
j + n+ 1
j + n+ 2
) 1
2
D
(j)
n,−j(nL)D
(j+1)
n+1,j+1(n¯L) =
(−ζL)2j√
(2j + 1)(2j + 2) (1 + |ζL|2)2j+1
, (A.32)
∑
n
(
j + n+ 1
j + n+ 2
) 1
2
D
(j)
nj (nL)D
(j+1)
n+1,−j−1(n¯L) =
(−ζ¯L)2j+2√
(2j + 1)(2j + 2) (1 + |ζL|2)2j+1
, (A.33)
∑
n
(
j + n+ 1
j + n+ 2
) 1
2
D
(j)
n,−j(nL)D
(j+1)
n+1,−j−1(n¯L) = ζ¯
2
L
(−1 + dj |ζL|2)(1 + |ζL|2)dj + 1√
(2j + 1)(2j + 2) (1 + |ζL|2)2j+1 |ζL|4
. (A.34)
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B Coherent intertwiners
The intertwiners depend on the orientations of the links. For a 3-valent node with all links outgoing, we
define
in3 =
(
j1 j2 j3
m1 m2 m3
)
. (B.35)
For a 4-valent node, choosing for instance the recoupling channel j12, we have
in4 =
(
j1 j2 j3 j4
m1 m2 m3 m4
)(j12)
=
∑
m12
(−1)j12−m12
(
j1 j2 j12
m1 m2 m12
)(
j12 j3 j4
−m12 m3 m4
)
, (B.36)
and so on for higher valent nodes. For ease of notation, we use i to indicate both the invariant tensor
and the quantum label without making the choice of recoupling channel explicit. When a link is instead
incoming, the relevant intertwiner is obtained acting with (j), where 
(j)
mn = (−1)j−mδm,−n. Similarly, also
the coefficients of the coherent intertwiners [9] depend on the orientation. For a node with all links outgoing,
we define
c↓↓↓↓i (~ni) = 〈i|ji, ~ni〉 :=
∑
mi
(
j1 j2 j3 j4
m1 m2 m3 m4
)(i) 4∏
i=1
〈ji,mi|ni|ji,−ji〉, (B.37a)
following the conventions of [57]. If the link 1 is incoming, we define
c↑↓↓↓i (~ni) = 〈i|ji, ~ni〉 :=
∑
mi
(
j1 j2 j3 j4
m1 m2 m3 m4
)(i)
〈j1,m1|n1|j1, j1〉
∏
i6=1
〈ji,mi|ni|ji,−ji〉. (B.37b)
And so on. The rule is that the coefficient for each outgoing link is computed using the lowest weight, and
for each incoming using the highest weight. To help the memory for this rule, we denote an outgoing link
with a downward arrow.
With our notation to label the Hopf section at the source and target respectively nL and nR, group
averaging a coherent state D
(j)
n,−j(nL)D
(j)
−j,m(n
−1
R ) produces coherent intertwiners with nL in the lowest weight
for each outgoing link, and nR in the highest weight for each incoming link. Switching to D
(j)
n,j(nL)D
(j)
j,m(n
−1
R )
we have nL in the highest weight for each outgoing link, and nR in the lowest weight for each incoming link.
In other words, the fixed orientation of the links determines uniquely whether it is nL or nR that enters the
coherent intertwiner, and the form of the state (namely lowest or highest weight) determines the explicit
form of the coefficient.
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